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Abstract. Let £1 and £2 be complete atomistic lattices. In a previous paper, 
we have defined a set S = S(£i , £2) of complete atomistic lattices, the elements 
of which are called weak tensor products of £1 and £2. S is defined by means 
of three axioms, natural regarding the description of some compound systems 
in quantum logic. It has been proved that S is a complete lattice. The top 
element of S, denoted by £1 © £2, is the tensor product of Eraser whereas 
the bottom element, denoted by £1 © £2, is the box product of Gratzer and 
Wehrung. With some additional hypotheses on £1 and £2 (true for instance 
if £1 and £2 are moreover orthomodular with the covering property) we prove 
that S is a singleton if and only if £1 or £2 is distributive, if and only if 
£1 © £2 has the covering property. Our main result reads: £ S S admits an 
orthocomplementation if and only if £ = £1 © £2- At the end, we construct 
an example £1 (Jt) £2 in S which has the covering property. 



1. Introduction 

Let E be a non-empty set. By a simple closure space £ on E, we mean a set of 
subsets of E, ordered by set-inclusion, closed under arbitrary set-intersections (i.e., 
for all lj C £, p| uj S £), and containing E, 0, and all singletons. We denote the 
bottom (0) and top (E) elements by and 1 respectively. For p G E, we identify p 
with {p} £ £. Hence p\J q stands for {p, q}. 

Let £ be a simple closure space on a (nonempty) set E. Then £ is a complete 
atomistic lattice, the atoms of which correspond to the points (i.e., singletons) of 
E. Note that if A C E, then \J C (A) = f]{b E £ \ A C b}. Conversely, let £ be a 
complete atomistic lattice. Let E denote the set of atoms of £, and, for each a € C, 
let E[a] denote the set of atoms under a. Then {E[a] | a s £} is a simple closure 
space on E, isomorphic to £. For simplicity, we shall from now on deal only with 
simple closure spaces instead of complete atomistic lattices. 

Let £1, £2 and £ be simple closure spaces on Ei, E2 and E respectively. Then, 
£ is a weak tensor product of £1 and £2 if 

(PI) E = Ei x E 2 

(P2) o 1 xE 2 US 1 xo 2 e£,Va 1 e £ ( 

(P3) for all pi e Ex and A 2 C E 2 , p\ x A 2 £ £ implies A 2 E £ 2 
for all p 2 G E 2 and A\ C Ei, A\ X p% e £ implies Ai e £1 

Let S(£i,£2) denote the set of weak tensor products of C\ and £2, ordered by 
set- inclusion. Write iTi : Ei x E2 — ► E^ the projection map defined by TTi(pi,p 2 ) = pi. 
Then, it is easy to check that 

£1 © £2 = \ f] w I w C {01 x E 2 U Ei x a 2 | a t 6 £;} , w ^ \ 
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is the bottom element of S(£i,£2) whereas 

£1 © £2 = I A C Si x E 2 7T 2 (pi xS 2 ni)e£ 2 and 

7T X (Si xp 2 ni)e £1, Vft e s 4 | 

is the top element of S(£i, £ 2 ) 0- 

A cornerstone in quantum logic is the following theorem, by which the Hilbert 
space structure of quantum mechanics can be recovered from a certain number of 
axioms on the lattice £5 of experimental propositions concerning a physical system 
S [7] (see [6], Theorems 34.5 and 34.9). Let E be a vector space over a *— division 
ring K. A Hermitian form f is a mapping / of E x E onto K, linear in the left 
variable (i.e., /(Aiiri + \2X2,y) — Xif(xi,y) + \2f(x2,y), where Xi,y S -B and 
A, G K), such that f(x,y)* = f{y,x) and f(x,x) — implies x = 0. Let V be 
a subspace of J5. Put V 1 - = {y e E \ f(x,y) = Vi e V} and say that V is 
E- closed itV= V^. 

Theorem 1.1. If Cs is an irreducible orthocomplemented simple closure space with 
the covering property, and of length > 4, then there is a * — division ring K and a 
vector space E over K with an Hermitian form such that Cs is ortho-isomorphic to 
the lattice P(E) of E— closed subspaces of E. Moreover, i/K = K or C with the usual 
involution, then E is a Hilbert space if and only if £ is moreover orthomodular. 

For some compound quantum systems, called separated systems, it can be shown 
that Cs, which we henceforth denote by £s scp , must satisfy the three axioms PI- 
PS defining weak tensor products (see [5] and references herein) and cannot be 
isomorphic to the lattice of closed subspaces of a Hilbert space [2] . As consequence, 
some hypotheses of Theorem II .11 fail in Cs Bcp - 

In PP, Aerts proposed C\ © £2 as a model for Cs Bep - For C\ and £2 orthocom- 
plemented simple closure spaces (in which case, £1 © £2 is an orthocomplemented 
simple closure space), Aerts proved that if £1 © £2 has the covering property or 
is orthomodular, then C\ or £2 is a power set [lj. As a consequence, according to 
Aerts, the covering property and orthomodularity do not hold in £s sep - A similar 
conclusion concerning orthomodularity was obtained by Pulmannova in [S] . 

Here we argue that no reasonable model for £s, ep admits an orthocomplemen- 
tation. On the other hand, in case C\ and £2 satisfy the axioms of theorem ll.il we 
provide a natural model for Cs sep which has the covering property. We proceed as 
follows: following [8] and pQ, we assume that £1, £2 and £s scp are simple closure 
spaces. Let £ £ S(£i,£2). We prove that if C\ and £2 are orthocomplemented 
simple closure spaces with the covering property, then £ admits and orthocomplc- 
mentation if and only if £ = C\ © £2 . We conclude by a simple physical argument 
given in [4] which shows that certainly C\ © £2 S £s scp - 

The rest of the paper is organized as follows. In Section [21 we fix some basic 
terminology and notation. We define a set S = S(£i, • ■ • , C n ) of n-fold weak tensor 
products. 

Further, with some additional hypotheses on each £j (true for instance if Ci 
is moreover orthocomplemented with the covering property) we prove that S is a 
singleton (i.e., ©i£i = ©«£j) if and only if at most one d is not a power set (Section 
EJ) if and only if ©i£i or <3>id has the covering property (Section [5]). Note that for 
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the last condition concerning we need to make an additional assumption on 

each d. 

Finally, Section @] is devoted to our main result and Section [5] to the example 
mentioned above. 

2. Main definitions 

In this section we give our main definitions. We start with some background 
material and basic notations used in the sequel. Parts of this section are taken 
directly from [5]. 

Definition 2.1. • A lattice £ with and 1 is orthocomplemented if there is 

a unary operation (orthocomplementation) , also denoted by ', such that 
for all a, b £ £, (a ) = a, a < b implies b < a , and a V a = 1. 

• An orthocomplemented lattice is orthomodular if for all a, b G £, a < b 
implies b = a V (b A a^). 

• A lattice with has the covering property if for any atom p and any ae£, 
p A a — implies that pVo covers a (in symbols p V a > a) . 

• A lattice £ with and 1 is called a DAC-lattice if £ and its dual £* (defined 
by the converse order-relation) are atomistic with the covering property [6] . 
We say that a lattice £ with 1 is coatomistic if the dual £* is atomistic. 

• 2 denotes the simple closure space isomorphic to the two-element lattice. 

• Let £ and £i be simple closure spaces on E and Si respectively. We write 
Aut(£) for the group of automorphisms of £. Note that any map u: £ —> C\ 
sending atoms to atoms induces a mapping from E to Si, which we also 
call u. Thus, if u G Aut(£), then for all a G £, u(a) = {u(p) \ p G a}. 

• If £ is orthocomplemented, for p, q G S, we write p _L q if p G q , where 
q- 1 stands for {q}" 1 - 

• If W is a complex Hilbcrt space, then denotes the set of 1-dimensional 
subspaces of H and P(H) stands for the simple closure space on S-^ iso- 
morphic to the lattice of closed subspaces of T-L. Moreover, we write 0(H) 
for the set of automorphisms of P("H) induced by unitary maps on T-L. 

• Finally, we say that £ (respectively T G Aut(£)) is transitive if the action 
of Aut(£) (respectively the action of T) on S is transitive. 

Remark 2.2. Note that an orthocomplemented atomistic lattice with the covering 
property is a DAC-lattice. Note also that in Theorem ll.il if instead of orthocom- 
plemented, the simple closure space is a DAC-lattice, then there is a pair of dual 
vector spaces such that a representation theorem similar to Theorem 11.11 holds (see 
[6j, Theorem 33.7). 

Definition 2.3. Let {S a } oe f! be a family of nonempty sets, X = J7 S Q , f3 G f2, 
p G S, R C S, A G JJa^", and B C Eg. We shall make use of the following 
notations: 

(1) We denote by tt^ : X — > the /3— th coordinate map, i.e., itpip) = pp. 

(2) We denote by p[— , /3] : T,p — » S the map that sends q G to the element 
of S obtained by replacing p's /3 — th entry by q. 

(3) We define R p [p] = np(p[T,p, 0\ n i?). Note that ^[p] = {q G £/? | /3] G 

/•'!• 

(4) We define A[B, (3] G !]« A, as /3]^ = B and /3] Q = A a for a ^ /3. 

(5) We write A := ]J a A a and A[B, (3} := A[B,/3]. 
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We omit the j3 in p[— , 0] when no confusion can occur. For instance, we write p\^@] 
instead of p[Y,p,/3]. 

Remark 2.4. p[Rfs[p\] = p\Ep] DR. 

Definition 2.5. Let {C a } a ^n be a family of simple closure spaces on E a . We 
denote by S(£ Q ,a G 17) the set all simple closure spaces C on E such that 

(pi) s = n Q s Q , 

(P2) U Q TaHoa) £ A for all a € EL A., 

(P3) for all p G E, /3 G f2, and B C E^, we have p[F, /3] G C implies £? G £g. 
Let T = JT Q T a with T a C Aut(£ a ). We denote by S T {C ai a G 0.) the set of all 
C G S(£ Q ,a G O) such that 

(P4) for all v G T, there is u G Aut(£) such that u(p) a = v a (p a ) for all p G E 
and all a G f2. 
We call elements of S(£ Q , a G fl) weak tensor products. 

Lemma 2.6. Let {£ a }ae£i be a family of simple closure spaces on E a , j3 G fl, and 
C G S(C a ,ae fi). 

(1) For any a G FJa £ a , a E £. 

(2) For any o G Cp and p G JT Q E a , we /iawe p[6, /3] G C. 

(3) For any B C Cp and a G n a £a> we have a[\J B, j3] — \J beB a[b, 0\. 

Proof, see [5] □ 

Definition 2.7. Let {T, a } a& fi be a family of nonempty sets and {£ a C 2 s °} ae n. 
Let E = ]J a Eq,. We define 



\ a a ) 



© £ a := < -R C E | Rp\p] G £/3, for all p G E, /3 G fl 
ordered by set-inclusion. 

Remark 2.8. Note that 2©£ = £ = 2©£and |S(2,£)| = 1. 

We end this section by recalling a definition and two results presented in [3] that 
we will use later. 

Lemma 2.9. Let {£ a }aen be a family of simple closure spaces on E Q and C a 
simple closure space on E = ria^a- Suppose that Axiom P2 holds in £. Let 

p, g g E. 

(1) If pp 7^ qp for at least two /3 G Q, then p V q — p U q. 

(2) For all p ^ 7 G Q and for all b G Cp and c G £ 7 smc/i i/iai pp £ b and 
p 7 G c, p[6, 0\ V p[c, 7] = p[b, 0\ U p[c, 7] - 

Definition 2.10. Let £ be a simple closure space on E. We say that £ is weakly 
connected if £ 7^ 2 and if there is a connected covering of E, that is a family of 
subsets {A 1 C E I 7 G o-} such that 

(1) E = \J{A^ I 7 G cr} and \A~>\ > 2 for all 7 G a, 

(2) for all 7 G cr and all p ^ g G A'' , p V g contains a third atom, 

(3) for all p, q G E, there is a finite subset {71, • ■ • , 7„} C a such that p G A 11 , 
g G A 7 ™ , and such that \A^ n A 7l+1 1 > 2 for all 1 < i < n - 1. 
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Remark 2.11. Note that weakly connected implies irreducible (see [5]). Finally, 
let £ be a simple closure space. Then, if £ ^ 2 and £ is irreducible orthocomplc- 
mented with the covering property or an irreducible DAC-lattice, then £ is weakly 
connected. 

Theorem 2.12. LetCl be a finite set cmd{£j} i6 n a finite family of weakly connected 
simple closure spaces on £^. Let £ G S(£i, i G CI) and u G Aut(£). Then there is a 
bijection f of CI, and for each i G CI, there is an isomorphism Vi : Ci — > £/(i) such 
that u(p) f/q = Vi(j>i) for all p G £ and i G CI. 

Remark 2.13. It can be useful to have in mind the following pictures in order to 
read the proofs below easily. If CI — {1, 2, 3}, then 

(1) n^ 1 (ai) ~ a\ x £ 2 x £3 which we can denote by the symbol oi||, 

(2) Ui=i 7r ^ 1 ( a i) — a l x ^2 x £3 U £1 x a 2 x £ 3 U £1 x £ 2 x a 3 which we can 
denote as di|| U |a 2 | U [(03. Hence, we can write 

/ 3 \ / 3 \ 



di| U d 2 U ||d 3 



n 



u N u ||6 3 



di n&i|| Udi& 2 | Udi|& 3 u6id 2 | u |d 2 n6 2 | u |d 2 o 3 u&i|d 3 u |6 2 d 3 u ||d 3 nb 3 

= u (n/- i ( i )0 x (n/ _i (2) 9 )x(n/- i (3) 



where a, b G £1 x £ 2 x £ 



3- 



3. Sufficient and necessary conditions for £1 © £ 2 = £1 © £ 2 

Let £1, • • • , £„ be simple closure spaces and DAC-lattices. In this section, we 
prove that ©™ =1 £j = ©" =1 £j {i.e., S(£i, • • • , £„) has only one element) if and only 
if there is k between 1 and n such that for all i 7^ k, Li is a power set. 

Definition 3.1. Let {£ a }aen be a family of simple closure spaces on £ Q and 
/? G Cl. Let S = IL S a and # £ S. Then, we define \j p R := UpesPN Rp\p]h 
where the join is being taken in Cp. 

Lemma 3.2. Let {£ a } a en be a family of simple closure spaces on £ Q and £ G 
S(C a ,a G Cl). Let X = Y[ a and R C S. Denote by \J £ the join in £. 

(1) for any (3 e CI, R<Z\J p R and V/3O//3 = V/3 Moreover, i/JiCSC 

(2) for any f:N^Cl and any n G N, R n := V /( „) (■ ■ • (V/ ( i) R) • • • ) £ V £ R- 

(3) i? G © a £ Q if and only if\Jg R = R for all /3 G 0. 

Proo/. (1) Let £ € CI. First note that 

i? = R n I |J pp,,] J = (J (pp/,] n R) = |J p[i^[p]] . 

\pes / pes pes 
As a consequence, since i?^[p] Q V -^[p] m £,8; we have 

r = u p[i^[p]] c u p[\/^[p]] = VM 

pes pes /3 

hence, i? C \J ^ R. 
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Further, 



V(V^) = V uw« =u« 

p 13 \pes / 9 eS 



LU V(«[V^[ 

geS L 



[5] 



U«[V(V^m)] = U«[V^[«i 



geS 



geS 





Finally, let S C E with P C S, then obviously P,g[p] C S^fp] for all p G E, hence 
V-^/S[p] — V^b]- As a consequence, 

V i? = lUV^Mie |jf[V^w] = V A 

P p€S peS /3 

(2) By Axiom P3, (V c R)p\p] G £/3 for all p G E and all /3 G f2; whence 

V/3 (\/c R ) = Vc R - Thus > Rn ^ (W = \/ c R > since R^\/ C R - 

(3) Suppose that P G © Q £a- Then, by Definition E3 iZp[p] G Cp for all p G E 
and all /3 G fi. Hence Rp\p] = V ^[p] m £/S- As a consequence, V/3 P = P- 

Suppose now that V/3 R — R for some /3 G 0. Let geS. Then 




UpiV^m [?] = (?[V^fe]]).[«] 

pes ' 



/3 



As a consequence, if V^ P = P for all (3 £ CI, then P/3[g] G £^ for all /3 G Hp and 
all g G E, hence P G © Q £ Q . □ 

Remark 3.3. Note that V Q -R is n °t necessarily in C. Take for instance £ = 
£1 © £ 2 and P = {p,q,r} with Pi ^ ri, p 2 7^ ^2, 9i = Pi, and q 2 — r 2 . Then 
\/ (S R = p 1 x (pa V r 2 ) U (pi V n) x r 2 . Now, \f 2 R = Pl x (p 2 V r 2 ) U r ^ V© 
But, Vi(V 2 #) = Pi x (Pa V ra) U (pi V n) xr 2 = V P. 

Theorem 3.4. Le£ {£ a }aE!i &e a family of simple closure spaces on E Q and £ = 
JT Q £ Q . If there is at most one f3 G f2 smc/i i/iai £^ 7^ 2 E/3 , i/ien © a £ a = © Q £ Q = 
{PCS I P^[p] G Vp G E}. 

Proof. Let PCS. Since © Q £ Q C © a £ a , V® ^ V© We P rove tha t V© # £ 
V©P- Write Si = E^, £1 = £/3, and E 2 = ]la#/3 S a- Hence S = s i x s 2- We 
denote by 7ri : E — >• Ej (i = 1, 2) the i— th coordinate map. From definition 12. 7[ we 
find that © Q ^£ Q = 2 E2 . Therefore, since © is associative, © Qe n £ Q = £1 © 2 E2 . 

Let a G £1 and & G 2 Ea . Note that P C a x S 2 (J Si x b if and only if g(b) := 
7Ti(Ei x b c n P) C a, where 6 C denotes the set-complement of 0, i.e., 6 C = £ 2 \o. 
Note also that 



R C (Vg(6)) x E 2 U Ei x (b n tt 2 (P)) , for all b G 2 5 
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Moreover, let a G £ 2 and 6 2 S2 . Then, BCaxEaUSi xd implies 

(Vg(6)) x S 2 U Si x (b n n 2 (R)) C a x S 2 U Si x 6 . 
Finally, g>(6) = n 7r 2 (i?)) for all 6 € 2 E2 . As a consequence, we find that 

\f R = P| {a x S 2 U Si x b | a G £ u b £ 2 S2 andi? C a x S 2 U Si x b} 

© 

= n (W 6 )) x^usi xi 

fcC7T 2 (fl) 

= u (n{Vf( 6 )i 6e /" i ( i )}) x (n/ _i (2))- 

/e2 ( 2 --) 

Write X/ for the last term in the preceding equation and b = n/ _1 (2). Let <? G 

2V / such that iCc=> ,g(c) = 2. Then ng~ 1 (2) = 6 and X f C X s . As a 
consequence, if for 6 C 7r 2 (i?) we define m(6) := {c C 7r 2 (i?) | 6 ^ c}, then, 

= U (fl{V3( c ) Icem(6)}) X6. 

© hC7T 2 (i?) ^ ' 

Note that for all q G 6, <7 c p|7r 2 (i?) G m(6). Moreover, 

5 ( g c f|7T 2 (i?)) =7n fa x (g|j7r 2 (i?) c )f|i?j =i?i[(., g )]. 
As a consequence, 

u (n{V i? i[(-^)]i'?e6})xfe 

© &C7r 2 (i?) ^ ' 

= (J (\/Ri[(;q)})xq = \/R- 

qeir 2 (R) P 

Finally, by Lemma I3T21 V gR= V® R- As a consequence, V© R Q V® ^- ^ 

Definition 3.5. Let S be a nonempty set. We denote by MOs the simple closure 
space on S which contains only 0, S, and all singletons of S. We write M0„ if 
|S| = n. 

Let £ be a simple closure space. We say that C contains M0„ if there are n 
atoms pi, ■ ■ ■ ,p n such that pi\/ p n > Pi for all i between 1 and n. 

Let {S a } a6 f! be a family of sets, and £ = JT Q ^a- We denote by 3(E) the set 
{i?CE \ Pa ^q ai Vp,qeR, a EQ}. 

Theorem 3.6. Let C± and £ 2 be simple closure spaces on Si and S 2 respectively. 
If both L\ and £ 2 contain M03, then C\ © £ 2 ^ C\ © £ 2 . 

Proof. Let i? = {p, (7,7-} G 3(Si x S 2 ) such that for z = 1 and for i — 2, piV qi 
covers Pi, qi and r^. By Definition 1 2. 71 i? = {p, q, r} G £1 © £ 2 . On the other hand, 
i? C a x S 2 U Si x 6 if and only if p\ V q\ C a or p 2 V </ 2 C 6. As a consequence, 
\J & R=(p 1 Vq 1 )x(p 2 Vq 2 )^R = \J & R. ^ □ 

The next corollary is a partial converse to Theorem 
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Corollary 3.7. Let {Ci}i<i< n be a finite family of simple closure spaces on 
Suppose that each Ci is a DAC-lattice. If ©^yC, = ®f =1 d, then there is at most 
one i such that Ci ^ 2 Si . 

Proof. Suppose that C{ ^ 2 Ei for i — m and for i — k with m ^ k between 1 and 
n, and that ®" =1 £i = ©™ = i>Cj- Then, for i = m and for i = k, there is an atom 
Pi which is not a central element. Therefore, there is an atom qi such that pi \J qi 
contains a third atom (see [6], Theorems 28.8, 27.6 and Lemma 11.6). 

Let Co := ©i^ TO A and C\ := &i^ m Ci. By hypothesis, C m © Co = C m © C\. 
Therefore, from Lemma [2TB1 and Axiom P3, Co = C\. Let r G Eli^m be an atom 
of Co- From Lemma [2.61 r[pk] V© r[qk] = r\pk V qk], hence contains a third atom, 
therefore Co contains MO3. As a consequence, from Theorem 13.61 we find that 

C m ®C 1 = C m @C ^ An © C = C m © £1, 
a contradiction. □ 

Theorem 3.8. Let C be a coatomistic simple closure space on E. Suppose that for 
any countable set A of coatoms C, {J A ^ E. For all integers i, let Ci = C. Then 

Proof. For all i, let £; = E. Denote rj~i E, by E. Let 

i? = {p e E I p n = p m , Mm, n} ^ E. 

From Definition 12.71 R € ©^iA- On the other hand, by hypothesis, for any 
a 6 n~i(A\{l}), # £ U^i^K), hence V©i?=l. □ 

Example 3.9. The Hypothesis of Thcorcm l3.8l is fulfilled for instance if £ = P(H) 
with % a real or complex Hilbert space. 

4. Orthocomplementation 

This section is devoted to our main results, which show, subject to weak condi- 
tions, that if C G S(£i, • • • ,C n ) is orthocomplemented, then C = ©™ =1 £i. Using 
Theorem l2.121 we prove that this holds if each d is weakly connected (hence, irre- 
ducible) and coatomistic and if C is moreover transitive. For the second result, we 
assume that each Ci is orthocomplemented and that all its irreducible components 
different from 2 are weakly connected, but we do not need to assume that C is 
transitive. 

Definition 4.1. Let {E Q } Q6 n be a family of nonempty sets, p G E = Jla^"' 
j3, 7 G O, Ap C and A 1 C E 7 . Then 

p[Ap,A y ] := {q G E | q G A , q 1 G A 7 , q Q = p Q , Va ^ /3, 7}. 

Lemma 4.2. Let {£i}i<i<n &e a finite family of simple closure spaces on E^, 
x G Jl"=i £i w tth Xi coatoms, and let C G S(Ci, 1 < i < n). Then: 

(1) X := U™ =1 7r I ~ 1 (xi) is a coatom of C. 

(2) Let Oj G <Cj for some j between 1 and n and let Z be a coatom of C 
above Uj/j ( x i) U n J 1 ( a j)- Then there is a coatom Zj of Cj such that 

z u^-'^u- 1 ^- 
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Proof. (1): By Axiom P2, X £ C. Let S = J^Li s * and p £ S not in X. Write 
fl°:=pUlandj/:=pV X. Define R N := V n • • • Vi fl^ -1 - % Lemma O 
i?^ C y, for all N. Now, 

= {s £ E fe | q[s, k]£pUX} = {p} k [q] U X fe [ g ]; 

therefore, 

q[R° k [q]] = q[X k [q]} or q[R° k [q]} = p[x k Up k ], 

hence 

fftV^Ml = l{VX k [ q }} C X or 9 [ViZg[«]] =p[E fc ] . 

As a consequence, V fc ^° = Ppfe] U thus i? 1 = i?° (JLi P[ s *]- Further, 

i? 2 = R° (J {p[E fel , S fe2 ] | f < fci < n - 1 and ki + 1 < fc 2 < n} . 

Hence obviously, for N = n, R = S. 

(2): Write Y := U^j^fci) U^faj)- Let r e Z not in F. Note that 
r[aj] C y. Therefore, by Lemma 12.61 r[a 3 - V r 3 -] C Z. Let k ^ j between 1 
and n. Then, r[x k ,a,j V Vj] C y. Hence, since r[aj V r/] C Z, by Lemma 12.61 
r[S k ,aj V rj] C Z. Repeating this argument, we find that nj~ (a,j V rj) C Z. As a 
consequence, 

Z = Y \/ rC (J^ 1 ^) \/ ^feV^CZ 

which proves that Z — IJi^j (^i) ^ n J 1 ( z j) f° r some coatom Zj of £j. □ 

Proposition 4.3. Let {C a } a en be a family of simple closure spaces on S a . 

(1) If © Q £ Q is coatomistic, then all C a 's are coatomistic. 

(2) Suppose that f2 is finite and that all C a 's are weakly connected. If& a C a is 
orthocomplemented, then all C a 's are orthocomplemented. 

Proof, (f): Let £ = FJ a E a and p £ X. From Definition 12.71 a coatom of Q$> a C a 
over p is necessarily of the form [J a Tr~ 1 (x a ) where all coatoms and with 

Pji £ xp for some (3 £ SI. Let S„[p Q ] denote the set of coatoms of C a above p a 
(write E' a := S^[0 a ]). Define \ = G Ila S a I P/3 G X/3 for some /3 G Q}. If © Q £ Q 
is coatomistic, then 

p-nlu*- 1 **-)!^ 4= u (n(n/~>)«)Y 

Hence, if £^ o [p Qo ] = for some cto £ SI, then 7r Qo (p) = S Qo which means that C ao = 
2. As a consequence, all C a 's are coatomic and we can assume that E^[p Q ] ^ for 
all a £ SI. Moreover, it follows that p a — f] {x a £ T,' a [p a ]}, for all a £ SI, hence 
that all £ Q 's are coatomistic. 

(2): Let j3 £ SI and a £ Cp. We first prove that there is b £ Cp such that 
V'W = Let /: S -> TISL such that p' = U Q ^(/(pW for all p £ S. 

Note that / is injective. 

(2.1) Claim: Let p, g € S. If f(p) a ^ f(q)a for at least two a 6 SI, then 
pVg = j)Ug. 
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Proof. Let fi^ = {a £ /(p) Q ^ /(?)a} and 7 ¥= s e ^V- Let r £ pVg. Then, 
\J^ 1 (f(r) a )=r'2p'f]q'2 

a 

Using the notation of Remark l2.131 we can write for f2 = {1, 2, 3}, 7 = 1 and 6 = 2, 
/M^l U |/(r) a | U ||/(r) 3 2 /(p)i/(g)a| U /(«)i/(p) 2 | 

Therefore, /(r) 7 = x 7 and f(r)s = xg with x = /(p) or x = f(q). As a consequence, 
r' = p' or 7'' = q' , hence r — p or r — q, proving the claim. 

(2.2) Claim: Let p, q £ £ such that p and g differ only by one component, say 
7. Then /(p) Q = /(g) Q for all a 7^ 7. 

Proof. Since £ 7 is weakly connected, from part 2.1 we find that there is 6 £ O 
such that for all r £ £ 7 ; we have /(p[r,7]) Q = f(p)a for all a 7^ £ (see Figured]). 
Hence, 

PW'= fl (U 7r « 1 (/Wa)U 7 r 5 - 1 (/(Ph7W] 

for some x £ Cg. Now p[S 7 ] p| 7r~ 1 (/(p) 7 ) =^ 0. Therefore, if 8 7^ 7, then 
p[S 7 ] P|p[S 7 ]' ^ 0, a contradiction. As a consequence, <5 = 7 and x — 0, prov- 
ing the claim. 

Let p, q £ £ such that p £ 7Tg (a)', for some a £ and such that p and g differ 
only by one component, say 7, with 7 7^ /3. Then 7T7 (a) C j/ = (J q 7r~ 1 (f(p) a ), 
hence a C f{p)p. Now, from part 2.2, /(g)^ = f(p)p, therefore 7!"^ (a) C g', thus 
<7 £ ir7 (a)'. As a consequence, for all q £ £ such that gg = p@, q £ ng (a)'. 

Thus, we have proved that there is an element in Cp, which we denote by a p , 
such that Kg (a)' = ttq (a ±f> ). Obviously, the mapping ±p : Cp — > Cp is an ortho- 
complementation. □ 

Theorem 4.4. Let {£i}i<i< n be a finite family of coatomistic weakly connected 
simple closure spaces on Sj, and let C £ S(Ci, 1 < i < n). If £ is transitive and 
orthocomplemented, then C = ©™ =1 £i. 

Proof. Let £ = n™=i^- We denote the orthocomplementation of £ by '. Let 
x £ nr=i w ^ tn ^ coatoms, and X := U^Li 71 ^ O 5 '*)- By Lemma [4~2l X' = p, 
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for some p G E. Let g G £. Since £ is transitive, there is u G Aut(£) such 
that u(p) = g, hence g' = u(p)' . Define u' 6 Aut(£) as u'(a) := u(a')' . Then 
q' = u(p)' = u'(p') = u'{X). From Theorem 12. 121 u' factors, therefore there is 
y G Yl7=i £■* w hh yi coatoms such that q' = Y := lj" =1 tt^" (j/j). □ 

Remark 4.5. If £ € 1 < i < n), £j are transitive, and the u in Axiom P4 is 

an ortho-isomorphism of £ for all G Tj, then the proof does not require Theorem 
12.121 Below we give a second proof which requires neither Theorem 12.121 nor that 
C be transitive. 

Definition 4.6. Let {£ a }aefi be a family of orthocomplemented simple closure 
spaces on For p G Ilaeo s « define p# = \J aen ^{pi" ) 

Remark 4.7. It is easy to check that the mapping p i— >• p# is an orthocomplemen- 
tation of © Q en£ Q (see [5] for details). 

Remark 4.8. Let £ be an orthocomplemented simple closure space on E. Let Z(C) 
denotes the center of C. Then Z(C) = {a G C \ a 1 - = a c }, where a c := E\a. For 
p G E, we write e(p) for the central cover of p, that is e(p) = P|{ a ^ -^(^) I P ^ a l- 

Theorem 4.9. Let {£;}i<i<n be a finite family of orthocomplemented simple clo- 
sure spaces on Suppose moreover that for each i, all irreducible components 
of Ci different from 2 are weakly connected. Let C G S(Ci, 1 < i < n). If C is 
orthocomplemented, then C — ©™ =1 £i- 

Proof. Let £ = nT=i ^i- We denote the orthocomplementation of £ by ' and the 
orthocomplementation of by _Lj. Since coatoms of ©i£j are coatoms of C, we 
can define a map on £ as </>(p) = p^ . Note that is injective. We prove in four 
steps that 4> is surjective. 

(1) Claim: Let p G E and a 3 G £j for some j between 1 and n; then 0(p[a 3 -]) = 
p[a.j\*' . 

Proof. If g G then p[aj]# C g#, hence (f>(q) G p[aj]* ■ On the other hand, 

if q G p[ aj }*', then, p[ 0j .]# = (J^ Trr 1 ^) U ttJ 1 ^) C q'. 

Thus, by Lemma 14.21 there is an atom s 7 with a^ 3 C s . ^ and 

j j j 

Therefore, g = p[sj]^ with Sj G Oj. Hence q G </>(p[aj]), proving the claim. 

(2) Claim: Let p G E. For all j between 1 and n there is q G nT=i e (p0 an d & 
between 1 and n such that </>(p[e(p -,-)]) C q[e{pk)]- 

Proof. Note that if a G £, then a' <Z a c , where a c denotes the set- complement of 
a, i.e., a c = E\a. By Claim 1, 

m*<pj)\) q (p[e(pj)}*r = e(Pi)n^((p^) c ) c n^o*), 

since if g, G e(p,), then (g i Li ) c C e(f>,). If [0, e(pj)] = 2 (i.e., e(pj) = Pj), then the 
proof of Claim 2 is finished. 

Otherwise, let tj ^ Sj G e{pj). Then, 

g G <HpN) V <XpN) iff p[tj]* n P [ Sj f C g' 

iff U^^UTrr^feV^OC?', 
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hence, by Lemma l4.2[ if and only if q — 4>(p[rj]) for some r 3 E tj V Sj. 

As a consequence, if tj V s i contains a third atom, so does 4>{p[tj\) V 4>{p[sj\). 
Hence, by Lemma l2.9l part 1, 4>(p[tj]) and <f>{p[sj\) differ only by one component, say 
k. Therefore, since Cj is weakly connected, for all A~j in the connected covering of 
Sj, there is q 1 £ n™=i e (Pi) an d fe> such that (j)(p[e(pj) p| AJ]) C q^[e{pk^)\. From 
Hypotheses 1 and 3 in Definition 12.101 the maps 7 i-> fey and 7 i-> g 7 are constant 
since </> is injective. This completes the proof of the claim. 

(3) Claim: For allp E X and all j between 1 and n, there is q £ J\™ =1 e{Pi) such 
that (j)(p[e(pj)}) = q[e(pj)}. 

Proof. From Claim 2, there is q £ Y\i=i e (Pi)^ k between 1 and n, and b k C e(pfe), 
such that 4>(p[e(pj)]) = q[bk]. 

Assume first that k ^ j. Let R° := q[bk] Up[e(pj)]*. By part 1, 

R ' = gfc]'np[ e (p 3 )]#' = ^( P [e( Pj )])' n Hp[e(Pj)}) = 0, 

hence \/ R° = 1. On the other hand, note that since qj £ e(pj), qj V e(pj) c = 
qj U e(pj) c . If e(pj) = pj, then part 3 is trivial. Hence we can assume that 
e(pj) ^ pj, thus that qj V e(pj) c =/= 1, in other words that e(pj) r\qf J =/= 0- Now, for 
any Tj £ e(pj) fl (fy 3 , we have 

whence by Axiom P2, \f R° 1, & contradiction. As a consequence, fc = j. 

Let R := q[bj] \Jp[e(pj)}*. From Claim 1, R 1 = 0(p[e(pj)])' n 0(p[e(p,,-)]) = °- 
Therefore, \J R = 1. Now, i? C (J^ 7rr x (pf*) U 7r^ 1 (e(pj) c V 6j). Note that 
for all a £ Li with a C e(pj), we have e(pj) n (a V e(pj) = a. Therefore, 
a V e(pj) ±j = a U e^)^' . Hence, we find that 

i?c(J 7 rri(p^)U7r7 1 (e( ft -) c U6 J -). 

Since \J R = 1, from Axiom P2 we find that &j = e(pj), proving the claim. 

(4) : Let p £ £ and s £ Ui=i e iPi)- % claim 3 > 4>(p[e(Pi)}) = ^Hpi)]- There- 
fore, there is n E e(pi) such that </>(p[ri])i = si. Let k < n and ri E e{pi), ■ ■ ■ , rk £ 
e(p k ) such that 0(p[ri, • ■ • , = s<, for alii < k, and such that 0(p[n, ■ • • ,r k ])k+i 
is different from Sfe+i. By Claim 3, 

0(p[ri,- • • ,r fc ,e(p fc+ i)]) = q k+1 [si, ■ ■ ■ s k ,e(p k+1 )}. 

Hence there is r k+ i £ e(pk+i) such that <fi(p[ri, ■ • • , rfe+i]), = s,-, for all i between 
1 and fe + 1. As a consequence, 4> is surjective. □ 

5. Covering property 

In this Section, we prove, under some assumptions, that the top element & a L a 
has the covering property if and only at most one L a is not a power set. Wc 
reproduce the analogue result concerning the bottom element © Q £a which is due 
to Aerts pQ. Moreover, for d = MO Si (i = 1, 2) and T = Aut(£ x ) x Aut(£ 2 ), we 
prove that there is a unique C £ St(£i, £-2) with the covering property. 

Theorem 5.1 (D. Aerts, pQ). Let {C a }aefi be a family of orthocomplemented 
simple closure spaces on S a . If @ a C a has the covering property or is orthomodular, 
then there is at most one (3 £ Q such that Cp ^ 2 s * 3 . 
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Proof. Let C be an orthocomplemented simple closure space on E and let p, q £ E 
such that pV q = pU q. Define x := <jf n (p V q), then i = or i = p. If £ has the 
covering property, then 1 ^ x , whereas if C is orthomodular, x V q = p V q. As a 
consequence, x = p, hence p _L q. 

Let (3 £ il. Suppose that Cp ^ 2 s * 3 . Then there are two non orthogonal 
atoms, say rp and sp. Let r 7 , s 7 £ E 7 for some 7 £ f2 different from /3, and let 
p, 5 6 J]^ E Q defined as p Q — q a , for all a ^ ft 7, and p a = r a and q a = s a if 
a = f3 or 7. By Lemma 12.91 p\/ q = pU q. Therefore, by what precedes, since jf is 
an orthocomplementation of © a C a , so p^q, hence by Definition 14.61 r 7 _L 7 s 7 . As 
a consequence, £ 7 = 2 s -'. □ 

Proposition 5.2. Lef {£ Q }a,£fi a family of simple closure spaces on E Q . // 
& a C a has the covering property, then all C a 's have the covering property. 

Proof. Let ap £ Cp, qp £ E^ not in ap, and p £ J7 E Q . By the covering property, 
we find that p[qp] \J p[ap] > p[ap]; Whence by Lemma \2. 61 3. qp\/ ap> ap. □ 

Remark 5.3. In the next theorem, we assume that each a, C a is a simple closure 
space on E a , that C a ^ 2 S =, and that C a contains MO4. This is for instance the 
case if C a is orthocomplemented orthomodular with the covering property. Indeed, 
if C a ^ 2 S =, there is an atom p a which is not central, hence such that e(p a ) 
contains at least two atoms, say r and s. Moreover, r V s contains at least three 
atoms, for C a has the covering property. Finally, since C a is orthomodular, [0, rVs] 
is orthocomplemented, hence contains at least four atoms. 

Theorem 5.4. Let {£ a }a£Ci &e a family of simple closure spaces on E a . 

(1) // each C a has the covering property and if there is at most one (3 £ fi such 
that Cp 7^ 2 s * 3 , then & a C a has the covering property. 

(2) Suppose that each C a different from 2 s " contains MO4. If & a C a has the 
covering property, then there is at most one [3 £ f2 such that Cp ^ 2 s * 3 . 

Proof. (1): Let X = Y[ a E a , a £ & a C a , q £ £ not in a, and i? = gUa. By Lemma 
O q V© a = \l fj R = UpesMV RpM- Now ' b Y definition, 

^[p] = Kp{p[Y<p\ n (g U a)) = qp[p] U a^p], 

and Q/3[p] = qp if p £ (/[E^], and qp[p] — otherwise. Hence, for all p not in g[E^], 
Rp[p] = ap[p] £ Cp, and if p £ q[^p], then i?,9[p] = g^U a/3[p]- Therefore, we find 
that 

qU a C q V© a — q[qp V ap[q\] |J pfa^fp]] C a U q[qp \J ap[q]]. 

As a consequence, q\J & a> a. 

(2): Let /3 ^ 7 £ fl. Suppose that neither Cp = 2 s - 3 nor £ 7 = 2 s -'. Let 
p, q, r, s, t £ £ such that p Q = g Q = r Q = s Q = t Q , for all a different from (3 and 
7, and such that tp = pp and i 7 = g 7 . Assume moreover that for a = f3 and for 
a = 7, p a , (ja, r a and s a are all different and that p a \/ q a covers p a , q a , r a and 
s a . By Definition 12 .71 a = {p, q, r} and 6 = {p, q, r, s} are in <Q) a C a . Let i?° = a 1J t. 
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Then (see Lemma f3 . 2 [) . 

R 1 := \/ R° = R° U p[p 7 V g 7 ] 

7 

i? 2 := \J R 1 = i?° U p[p 7 V g 7 ] U g[p^ V 5/3 ] U r[p,3 V q ] 

P 

R 3 := \J R 2 =p\ppV<lf},p 1 Vq 1 \. 

7 

Hence, by Lemma 13. 2\ a \J & t — R 3 D 6 D a, therefore © a £ a does not have the 
covering property. □ 

Definition 5.5. Let Si, S2 be sets, £1 = MOj^, and £2 = MOs 2 (see Definition 
133]) . Then, 

£1 o £ 2 := £1 © £ 2 U {R G S(Si x S 2 ) | |i?| = 3}. 

Theorem 5.6. Let Si and S 2 6e sets, £1 = MO El , £2 = M0s 2 , T = Aut(£i) x 
Aut(£ 2 ), and £ G <St(£i,£2)- Suppose that for i = 1 and |S,| = 3 or |Sj| > 5. 
TTien £ /ias i/ie covering property if and only if £ = £1 o £ 2 . 

Proof. (<=): Let S = Si x S 2 , H = H(Si x S 2 ), and a G £1 o £ 2 . Then a G S and 
a I = 3, or a G £1 © £ 2 . Hence one of the following cases holds. 

(1) a e S. 

(2) a G S and |a| = 2 or 3. 

(3) a = pi x S 2 or a = S 2 x p 2 for some p = (^1,^2) G S. 

(4) a = pi x S 2 U Si x p2, for some peS (i.e., a is a coatom). 
Hence, obviously £1 o £ 2 has the covering property. 

(=>): Let £ G S(£i,£ 2 ) with the covering property, and i?CS. 

(1) : By Lemma [3.21 and Axiom P2, if R 5 (i.e., there are p 1 , p 2 G ii with 
p| = p\ for i = 1 or 2), then V R G £1 © £ 2 - 

(2) : Suppose now that i? G 5. By Lemma[2~9lpart 1, if \R\ < 2, then i? 6 £i©£ 2 , 
hence i? G £. Moreover, if > 3, then for all s G S not in f£ with si G ni(R) or 
s 2 G 7T2(i?), we have, by Lemma l3~2| V(-^ U s ) = 1- 

(3) Claim: Suppose that R G H and that \R\ = 3. Write a := \J R. Then a ^ 1 
Proof. Write i? = {p,q,r} and suppose that a = 1. As we have seen i?° := 

{Pi 9} £ £• Hence 1 = a = r V R° ~D p% x S2 U Si x q 2 ~D R°, a contradiction since 
£ has the covering property. This proves the claim. 

As a consequence, from (2), 1 > a. Moreover, a G S. We write a as a = 
{.Pi x /(.Pi) I Pi £ 7r i(«)}- Hence, / is injective. 

(4) Claim: a = R. 

Proof. If I Si I = 3 or |S 2 | = 3, the proof is finished. So we can assume that 
|Sj| > 5 for i = 1,2. Note that any bijection of S2 induces an automorphism of 
£2. Suppose that a ^ R, hence \a\ > 4. Let v 2 G Aut(£ 2 ) such that its restriction 
to 772 (a) is different from the identity, and with at least three fixed points in ix 2 (a) ■ 
By Axiom P4, there is u G Aut(£) such that on S, u equals id x u 2 . Hence 
c := {(pi, v 2 o /(pi)) I pi G 7Ti(a)} G £ and cD a ^ a, therefore 1 does not cover 
c n a. Moreover c n a > 3; whence a contradiction by (3). This proves the claim. 

(5) Finally, suppose that fleS and \R\ > 4. Let b — \J R. To see that 6=1, 
let i?o G S with R C i? and |i? | = 3. By what precedes, Rq € C and 1 > i?o- As 
a consequence, 6 = 1. □ 
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6. AN EXAMPLE WITH THE COVERING PROPERTY 

Let Hi and H2 be complex Hilbert spaces and T = U('Hi) X U(H2)- In this 
section, we give an example in St(P(Hi), P(%2)), denoted by P('Hi) © P(%)) 
which has the covering property. Moreover, P(%i) © P(%) is coatomistic, but, 
as expected, the dual has not the covering property, i.e. P(%i)® P(%2) is not a 
DAC-lattice. 

Definition 6.1. Let Hi and H2 be complex Hilbert spaces, S = S-^j x E-h 2 , 
£1 = P(Ki), £2 = P(K2), and the set of one-dimensional subspaces of Hi ®H 2 . 
For V" 6 P(Hi ® H2), define E^ [V] := {(pi,p 2 ) eS| Pl ®p 2 e 7}. Then, 
£1© £ 2 ■■= {E^ [V] I V e P("Wi ® % 2 )}, ordered by set-inclusion. For A C S, we 
write A x := {q 6 E® | (q,pi ® P2) = 0, M{pi,p2) <E A}, where (— |— ) denotes the 
scalar product in Hi ® 7^2- Moreover, we denote the set of antilinear maps from 
Hi to H 2 by A{Ui,U2). 

Proposition 6.2. Let m and n be integers, Hi = C m , H2 = C n , £1 = P(Hi), 
£2 = P(H 2 ), and S = E Wl x E Wa . For A 6 A(Hi,H 2 ), define X A C S as 
*A := UtPi x (^(Pi) ±2 ) I Pi G Si}. T/ierc, 

A® A = {f> I ^ C {X A | A € ^(H 1; H 2 )}}. 

Proof. Let {e*}i<i< TO and {e|}i<j<n denote the canonical basis of C m and C™ 
respectively. 

Let v € C m (8) C™ and p = (pi,f>2) G 2D with pi = Ciui and P2 = Cw2- Write w, 
wi and W2 as 

m n rn n 

v = syej ® e|, u>i = A,e*, and w 2 = ^ /Xj-e^ ■ 

i—1 j—1 i—1 J—1 

Let A = (Ai, • • • , A m ) T and p = (fii, ■ • • , pL n ) T . Let S 1 be the m x n matrix denned 
as 5y = Sy. Then p eE 4 [v ] if and only if (wi ®W2,v) — 0, hence if and only 
if Jt T S T \ = 0. Let A be the antilinear map denned by the matrix S 1 - . Then, 
p GE^ [v ] if and only if P2 G A(pi) ± , that is if and only if p G Xa- As a 
consequence, E^ [v x ] = Xa- 

On the other hand, if A G A(Hi,H 2 ), then Xa =E 4 [ v± ], where v is given by 
the formula above with Sij = (A T )ij. □ 

Remark 6.3. Let H be a complex Hilbert space of dimension > 3. Then, by 
Wigner's theorem (see [3], Theorem 14.3.6), any ortho-automorphism of P(H) is 
induced by a unitary or antiunitary map on H. Note that if vi is a unitary map 
on Hi and V2 is an antiunitary map on H2, then v = v± x V2 does not induce an 
automorphism of A® £2- Indeed, let Xa be a coatom. Then 

v(X A )= |J t-i(pi) x« 2 (^bi) ±2 ) - IJ piX^oAoflj- 1 ^). 

Now, since A and «2 are antilinear and vi is linear, it follows that V2 ° A o is 
linear, hence v(Xa) is not a coatom of A© A- 

Theorem 6.4. Let Hi and H2 be complex Hilbert spaces, S = x E% 2 , £1 = 
P(Hi), A = P(Wa), and T = \i{H x ) x U(ft 2 ). rfcera 
(1) /or a// ACS, we have V© A =E^ [A^], 
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(2) a® £2 es T {c u C2), 

(3) £\ ® £2 has the covering property and is coatomistic, but, if £1 =/= 2 =/= £2 
(i.e., the dimension of Hi and H.2 is > 2), the dual has not the covering 
property, 

(4) A © £2 = [V] I V G P(Hi ®U 2 ), V =E, [V]^^ 1 - =E^ [^] xx } 
(i.e., &of/i V and l^- 1 are spanned by product vectors), 

(5) if£x^2^£ 2 , then d © £ 2 § A® £2 £ £1 ©A- 

Proof. (1): This follows directly from Definition 16. II 

(2) : Obviously, £1 © £2 is a simple closure space on S. Let a G £1 © £2. By 
Definition, a# =E 4 [a ]. Hence, a# C a x , a x± C a* , thus E 4 [a ] C = a, 
and therefore a =E^ [tr 1 - 1 ]. As a consequence, £1 © £2 C £1 © £ 2 . 

Let V e P(Hi © H2) such that E^ [V] = Pl xi 2 . Then 

p x ®{A^) = (pi©^)^ C V, 

therefore A^ 2 ^ 2 C A2, hence A2 G A- As a consequence, Axiom P3 holds. 

Axiom P4 with T — \i{Hi) x U(%) holds in P(%i © %), therefore obviously 
also in £1© A- 

(3) : The covering property holds in P(%i ©H2) (see [6], Theorem 34.2), hence, 
by (1), also in £1® £2- Moreover, since P('Hi ©H2) is coatomistic, so is £1© A- 

Next, let p G 53. Then a; =E^ [p- 1 ] = p # is a coatom of £1 © £2- Now, 
there is R G 3(53) (see Definition 133]) with = 2, such that x n i? = 0. By 
Lemma [2.91 i? G £1 © £2- Moreover x\f^R = 1 since x is a coatom. Hence, 
writing R = {p, q}, and the order relation, meet, join, bottom and top elements 
in (£1 © £ 2 )* by <», A^, V»: 0*, and 1* respectively, we find that x^R = 0* 
and x\J r R = 1* ^* p ^* i?. Therefore, (£1 © £2)* does not have the covering 
property. 

(4) Let p e S and q G p #± . Write g = Cw with v G %i © For i = 1 and 
i = 2, let {u>f} be an ortho-basis of p^ 1 , and let a;, G Pi (i.e., pi = Cxi). Then v 
can be decomposed as 

v = axi © x 2 + ^^Pk 2 x\ © W2 2 + ^^PktWi 1 © x 2 + ^ 7i 1 i2 w i 1 ® w 2 2 - 

Now, p# = p^ 1 x S-h 2 U E-^j x p^ 2 . Hence, since q G p #J ~, we find that 7; x ; 2 = 
/3fei = /3fc 2 = 0, for all fci, &2, ^1 and Z2. Therefore, v G p, hence p^^ = p. 

Let a G £1 ©£ 2 . From (1), a =E^ [a- 1 - 1 -]. On the other hand, a* =E^ [a 1 -]. 
Now, a = = HiP^ I P e a# }- Hence, by the preceeding, 

a ± =(\J{p* ± \ P €a*}) ±X =a* ±± , 

therefore a 1 ' is also spanned by product vectors. Hence, writing V = a , we find 
that a =E 4 [V], V =E^ [V]^ and V 1 - =E^ [V^. 

Let V G P(Hi © 7^2) such that both V and V 1 - are spanned by product vectors. 
Let a :=E^ [V] and b :=E^ [V^]. Since E^ [V]^ 1 - = V and also E^ [V^ 1 - = V^, 
then E^ [E 4 [P^] =E^ [V^] and E 4 [E^ [V 1 ] 1 ] =E^ [V\. Therefore a# = b and 
6# = a. As a consequence, a G £1 © £2. 

(5) : By (4), £1 © £ 2 7^ £1© £ 2 . On the other hand, by Theorem EH £1 © £ 2 
does not have the covering property, whereas by (3), £\ © £2 has the covering 
property. As a consequence, £\ © £2 7^ £1 © £2- □ 
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